Abstract: In this paper, we study the generalized Hyers-Ulam-Rassias stability of the additive functional equations f (x + y + z + a) = f (x) + f (y) + f (z) for the mapping f from a linear space into a multi-Banach space. Furthermore, we also establish the asymptotic behavior of the above additive functional equations.
Introduction
A famous talk presented by Stanislaw M. Ulam [16] in 1940, triggered the study of stability problem for various functional equations. He presented a number of important unsolved problems. One of the interesting problem in the theory of non-linear analysis concerning the stability of homomorphism was as follows: Let G 1 be a group and let G 2 be a metric group with the metric d(·, ·). Given ǫ > 0, does there exist a δ > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d(h(xy), h(x)h(y)) < δ, for all x, y ∈ G 1 , then there is a homomorphism H : G 1 → G 2 with d(h(x), H(x)) < ǫ, for all x ∈ G 1 ?
If the answer is affirmative, we would say that equation of homomorphism H(xy) = H(x)H(y) is stable.
In 1941, D.H. Hyers [1] was the first mathematician to present the result concerning the stability of functional equations on Banach spaces. This result of Hyers [1] is stated as follows: Let f : X → Y satisfies f (x+y)−f (x)−f (y) ≤ ǫ for all x, y ∈ X and ǫ ≥ 0. Then there exists a unique additive mapping T : X → Y such that f (x) − T (x) ≤ ǫ, for all x ∈ X. The generalized version of D.H. Hyers [1] result was given by famous Greece mathematician Th.M. Rassias [20] in 1978, where f : X → Y satisfies the inequality f (x + y) − f (x) − f (y) ≤ θ( x p + y p ) for all x, y ∈ X, for some θ ≥ 0 and 0 ≤ p < 1. The stability paper [21] given by Th.M. Rassias has significantly influenced in the development of stability of functional equations and hence named as Hyers-Ulam-Rassias stability of functional equations. Further, in 1994, P. Gavruta [13] provided a further generalization in which he replaced the bound θ( x p + y p ) by a general function φ(x, y) for the existence of unique linear mapping. During the last three decades several stability results have been introduced by many famous mathematicians one may also refer to [2, 12, 17, 18, 19, 22] .
In 2007, H.G. Dales and M.S. Moslehian [4] first gave the stability result of Cauchy functional equations on multi-normed spaces and also present some examples on multi-normed spaces. M.S. Moslehian et al. [8] demonstrated the asymptotic aspects of the quadratic functional equations in multi-normed spaces. Further, for a detailed analysis of stability of functional equations in multi-normed spaces one may also refer to [6, 7, 10, 11] . The functional equation Section 2, contains basic definitions and concepts that will be used in the further sections of paper. In the last section, we give the stability of functional equation (1.2) in the sense of multi-Banach spaces.
Preliminaries
In this section, we adopt some definitions and preliminaries of multi-Banach spaces in the sense of H.G. Dales and M.E. Polyakov [3] .
Let (E, · ) be a complex normed space, and let k ∈ N. We denote by
The linear operations on E k are defined coordinatewise. The zero element of either E or E k is denoted by 0. We denote by N k the set {1, 2, . . . , k} and by S k the group of permutations on k symbols.
x ∈ E, and the following axioms are satisfied for each k ∈ N with k ≥ 2:
In this case, we say that
is a multi-normed space (see [3] , [4] ).
is a multi-normed space, and take k ∈ N. We need the following two properties of multi-norms. They can be found in [3] .
holds for all (y 1 , y 2 , . . . , y k ) ∈ E k (see [3] , [4] ).
Let x ∈ E, we say that the sequence {x n } is multi-convergent to x in E and write lim n→∞ x n = x if (x n − x) is a multi-null sequence (see [3] , [4] ). Throughout this paper, a is a fixed real number. For convenience, we use the following notation for a given a ∈ R/{0} and a mapping f : E → F , from linear spaces into multi-Banach spaces
for all x, y, z ∈ E.
Main Results
In this section, we prove the Hyers-Ulam-Rassias stability of the additive functional equations (2.1).
Theorem 3.1. Let E be a normed space and let (F n , · n ), n ∈ N be a multi-Banach space. Let f : E → F be a mapping such that
for all (x 1 , x 2 , . . . , x k ), (y 1 , y 2 , . . . , y k ), (z 1 , z 2 , . . . , z k ) ∈ E, a ∈ R and δ ≥ 0.
Then there exists a unique additive mapping A : E → F such that
and
Proof. To prove this theorem we have to show the following steps:
n is a Cauchy sequence for every fixed x ∈ E.
(ii) There exists an additive mapping A : E → F defined by
Replacing x by 3x + a and dividing by 3 in (3.4) and also adding the resulting equation with (3.4), we get
Taking induction on 'n', we have
for all (x 1 , x 2 , . . . , x k ) ∈ E and n ≥ 1.
(i) Now to prove that the sequence f 3 n x + (3 n − 1)a 2 3
n is a Cauchy sequence, making x ∈ E fix and replacing (x 1 , x 2 , . . . , x k ) ∈ E with x, 3x+ a, 3 2 x + 4a, . . . ,
in (3.5) and then using condition (N3) of definition (2.1), we have
(ii) Since F is Banach space, the sequence f 3 n x + (3 n − 1)a 2 3 n is a convergent sequence to a fixed point A(x) ∈ F as n → ∞, and hence a Cauchy sequence in F , therefore
(iii) To prove that the additive mapping A : E → F satisfies the inequality (3.3) taking n → ∞ in (3.5) and making the use of Lemma. 2.2, we obtain
(iv) For uniqueness of additive mapping A, let us consider another additive mapping
taking n → ∞, we have
which implies that
This proves the required result. Now, using the method of Proof of Theorem 3.1 and Proposition 3 by SoonMo Jung [15] and M.S. Moslehian and H.M. Srivastava [9] respectively, we prove the following results. Proposition 3.2. Let E be a normed space and let (F n , · n ), n ∈ N be a multi-Banach space. Let f : E → F be a mapping satisfying the following inequality with δ, ǫ ≥ 0,
for all (x 1 , x 2 , . . . , x k ), (y 1 , y 2 , . . . , y k ), (z 1 , z 2 , . . . , z k ) ∈ E with the condition
Proof. For the case x + y + z ≥ δ, the result holds obviously. Therefore, let us consider the case for x + y + z < δ, where x = (x 1 , x 2 , . . . , x k ), y = (y 1 , y 2 , . . . , y k ) and z = (z 1 , z 2 , . . . , z k ). If x = y = z = 0, there exists an element w = (w 1 , w 2 , . . . , w k ) ∈ E k with w = d. Now, for x = 0, y = 0 and z = 0, let
Then,
Now, using the inequalities of (3.11) in (3.7), we obtain
Thus, we obtain
for all (x 1 , x 2 , . . . , x k ), (y 1 , y 2 , . . . , y k ), (z 1 , z 2 , . . . , z k ) ∈ E. Thus, from the above proposition we have deduced the following corollary. Let us consider the domain
For non-negative real number δ. Then, using above proposition the result holds on the domain E k × E k × E k D with the condition x k + y k + z k ≥ 3δ.
Corollary 3.3. Let E be a normed space and let (F n , · n ), n ∈ N be a multi-Banach space. Let f : E → F be a mapping satisfying the following inequality with δ, ǫ ≥ 0 sup k∈N D a (f (x 1 , y 1 , z 1 ) ), D a (f (x 2 , y 2 , z 2 )), . . . , D a (f (x k , y k , z k )) k ≤ δ
for all k > 0 and (x 1 , x 2 , . . . , x k ), (y 1 , y 2 , . . . , y k ), (z 1 , z 2 , . . . , z k ) ∈ E k × E k × E k D with the condition (x 1 , x 2 , . . . , x k ) + (y 1 , y 2 , . . . , y k ) + (z 1 , z 2 , . . . , z k ) ≥ ǫ
for all (x 1 , x 2 , . . . , x k ) ∈ E.
